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Abstract

Processes with smaller the better and larger the better types of quality characteristics and
consequently the unilateral specification limits are very common in manufacturing industries.
However, very little theoretical resources are available in literature, compared to the bilateral
specification limits, for assessing the capability of such processes. In the present article, we
have studied the expressions for the threshold value and relationship with proportion of non-
conformance for some of the process capability indices (PCI) for unilateral specification limits.
We have also explored the distributional aspects along with the uniformly minimum variance
unbiased estimators of those PCIs based on both single sample information as well as the
information obtained from theorresponding — R andX — S control charts. The process
capability control charts for these PClIs have been designed as well for the purpose of the
continuous assessment of the capability of a process over the entire production cycle. Finally,

a numerical example has been discussed in the context of the theory developed in this article.
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1 Introduction

Process Capability Indices (PCI) assess the ability of a process to produce items within pre-
assigned specification limits, viz., upper specification limit (USL) and lower specification limit
(LSL). With the increasing emphasis on quality in world economy, application of various PCls for
correct assessment of the capability dfelient processes generated from several diversified fields,
especially manufacturing industries, is increasing day by day.

From the view point of the nature of specification limits, most of the quality characteristics can be

broadly classified into either of the following three classes:
1. The nominal the best (Processes with both USL and LSL), e.g. height, length;
2. The smaller the better (Processes with only USL), e.g. surface roughness, flatness;
3. The larger the better (Processes with only LSL), e.g. tensile strength, compressive strength.

Under the assumption of normality of the concerned quality characterk}jctife four classi-

cal PCls for processes with bi-lateral specification limits @e= “==,Cp = LM o =

30
# = M ‘ 1 [ - .
N and Cpmk P Here, ‘U’ and ‘L’ denote the USL and LSL respectively;

d=(U-L)/2,M = (U + L)/2, ‘T’ denotes the targeted value of the quality characteristic under
consideration ang ando denote the mean and variance of the quality characteristic, such that,
X ~ N(u, o?).

Although most of the PCls defined so far are meant for nominal the best type of quality char-
acteristics [see Kotz and Johnson (2002) and the references there-in], some very useful research
works are also available in literature for processes with unilateral specification limits. Chatterjee
and Chakraborty (2012) have made an extensive review of these PCls.

The research works on PCls carried out in the field of unilateral specification limits are mostly
based on the two indic&% = U—3;“ andCp, = “3;; due to their computational simplicity. However,

neither ofCpy or Cp incorporate the concept of target (T) in their definitions. Moreover, unlike
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C,, Cpy andCp. do not even measure the potential capability of a process as these PCls are
expressed as functions of the process centeripg\ote that, by the term ‘potential capability’ we
mean the capability level, that a process can at most attain given the current dispersion level and
specification scenario.

In this context, the concept of ‘T’, though not always explicitly discussed in the cases the of
larger the better and smaller the better types of quality characteristics, it actually has huge impact
on these types of quality characteristics. For example, let us consider purity of gold as the quality
characteristic of concern. This is a larger the better type of quality characteristic. For making
ornaments, a purity of 966% — 95.83% (i.e. 22 carat) is shicient. Moreover for gold with
higher degree of purity the cost of production is exorbitant and it finds very limited application -
mostly in cutting-edge laboratories for the purpose of sophisticated experimentations of physical
and chemical sciences. Hence, a jeweler should target at producing gold v@69©1 95.83%
purity because even if the purity of his gold is higher than the targeted value, the customer will not
be ready to spend extra money on that. Also, gold of higher purity, say 24 carat, tend to be more
fragile than 22 carat gold and hence is not suitable for making ornaments.

We can also consider the example of surface roughness, in this regard, which is a quality
characteristic of smaller the better type. Theoretically, surface roughness should be as small as
possible, though in practice for a surface with the roughness below a certain level will not only
increase the cost of production, but the surface will also become slippery beyond manageability
and hence may not be useful in day to day activities.

Hence, proper setting of target is a key to successful operation of a process. Unfort@ately,
andCp_, the most primitive and widely used PClIs for unilateral specifications do not incorporate
the concept of ‘T’ in their definitions.

To address the problems 6fy andCp., Vannman (1998) suggested two sets of superstruc-
tures of PCls for unilateral specification limits. However, these super-structufies Bom a

number of major drawbacks such as, imposing equal amount of importance on deviatito of
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wards either side of ‘T’; inability to have maximum index value on target, obtaining negative value
of the index before: reaches U or L and so on [see Grau (2009) for more details]. Grau (2009)

defined the following superstructures of PCIs which are free from these drawbacks:

_ U-T-uA,
Co(uv) = —==

34/fo2vA ?
(1)

L _ T-L-uA
Ch(u) = A

where, A, = max{(u - T), T%‘}, A = max{%, (T =)} and ‘v’ and ‘v’ are two non-negative
parameters. Also, the valuelof> 1) quantifies the risk of deviation from the target in the direction
opposite to the available specification limit with respect to ‘T". Note €40, 0) = C), C;)(1,0) =

CU

bl C,(0,1) = Cp,andCj(1,1) = Cy_ are defined analogous®, Cpk, ComandCpmi. Similar is

p pmk
the case fo€(u, v). To avoid notational ambiguity, let us defiBg(u, v) which stands fo€} (u, v)
andCb(u, V) depending on the available specification limit. Here the additional tuning parameters
viz., uand v are introduced to unify the P@s, C,, Cy,,andC, , for ease of representation.
Note that,C}J(u, V) is not a new class of PCls for unilateral specification limits. It only works
. U L : . ,
as an indicator of whetheZ(u,b) or C;(u,Vv) will be appropriate to use, depending upon the

availability of either USL or LSL respectively. Thus,

C‘F-)’ (u,v), when only USL is available

Ch(u,v) = (2)

Cp(u,v), when only LSL is available

We shall eventually observe that, since by definition, the mathematical formulati@'jiwfv)
andCp(u,v) get changed only according to the availability of either USL or LSL, their statistical
properties are similar. Therefore, we shall study the propertié‘s‘p@f, V), in general and discuss
discuss about individual features@f (u,v) andC‘L)(u, V), wherever applicable.

Grau (2009) did not provide any formulation of ‘k’ and this makes the choice of ‘k’ rather sub-

jective leaving room for favourable manipulation by the concerned stake holders. Latter, Chatterjee
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and Chakraborty (2012) have proposed a formulatiok'cds

_ Selling Price Peltem

k ALP

(3)

where, ALP denotes the average loss of profit per item due to deviation from ‘T’ towards the
opposite side of the existing specification limit. Grau (2009) has also studied the distributional
properties and expectations of the plug-in estimators of the member indi(i%gpf/). However,

these expressions are complicated in nature and hence are unsuitable for potential future applica-
tions.

Moreover, since a process is a continuous flow of activities; while assessing its capability, often
it is not justifiable to draw conclusion based on single sample information only. Even the conven-
tional multiple sample estimation procedure for PCIs has a general tendency of smoothing out
some important fluctuations in a process. Moreover, stability of a process does not always ensure
its consistent capability over the period of time [Chatterjee and Chakraborty (2013b)]. Control
charts, by definition, usually do not take into account the concepts like specification limits and tar-
get, which are of great importance from the view point of the acceptability of the produced items
among the end users. As a result, even if, by using suitable control chart(s), a process is found to
be stable, it may not imply that the process is performing satisfactorily. The process ffay su
from decreased proximity of the process centering from the target or increased level of process
variability with respect to the specification limits. These incidences are likely to be overlooked by
the usual control charts for which the control limits are set based on the observed data and hence
for a process, stability may indeed be attained - but at far the from satisfactory level. Thus, for
a process with inconsistent capability, the PCI value based on the conventional single or multiple
sample information may not reflect the actual process capability and they tend to smooth-out some
important fluctuations in the observed values of the concerned quality characteristic [Chatterjee
and Chakraborty (2013b)]. A possible solution to these problems is the use of process capability

control chart of the concerned PCI based on the information frontehespondingk — R and
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X — S charts, which were already used for checking stability of the said process [refer Spiring
(1995) and Chatterjee and Chakraborty (2013b)]. Morita et al. (2009) and Carot et al. (2013)
have designed process capability control chart for the BGlsandC,m. Vannman and Albing

also argued for using process capability plots for assessing capability of a process having unilateral
specification limits.

In the present article, we have proposed more tractable forms of the statistical distributions
and the expectations of these plug-in estimators. In particular, we have computed the minimum
variance unbiased estimator (UMVUE) @tk based on single sample information. We have also
computed the threshold value 6[) and have established exact relationship betvxié'&rand the
proportion of non-conformance (PNC). These concepts have immense importance from the in-
terpretability as well as application point of view of a PCI, but had hardly been explored in the
literature.

Moreover, going by the analogy of Spiring (1995) and Chatterjee and Chakraborty (2013b),
we have studied the distributional and inferential properties of the member indiC(gimfv) and
Cg(u, v) based on information from theprresponding — RandX — S charts and have designed
the concerned process capability control charts as well. Through some numerical examples, we
have also reinstated the importance of using such process capability control charts to have a vivid
picture of the process performance throughout the entire production cycle.

In the following section, we have enlisted the notations which are used throughout this article.
Section 3 contains some important statistical propertiﬁp(ﬂ, V), viz., threshold value dt:o and
the relationship betwee!, C:Dk and the proportion of non-conformance (PNC). In section 4, the
distributional aspects along with the expressions for the expectations of the plug-in estimators of
some member indices m:o(u, V), based on the single sample information, are discussed while
section 5 deals with the same distributional aspects of these PCls based on information from the
corresponding — R and X — S charts. Their process capability control charts are designed in

section 6 followed by a numerical example in section 7. Finally, the article concludes in section 8
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a general note on the topics discussed in this paper.

List of Notations

. U: Upper specification limit (USL);

. L: Lower specification limit (LSL);

U+L.
M ==

. ‘T’ is the target;

. Xis arandom variable characterizing the quality characteristic under consideration;
— n
L X=3 B X
i=1
n —
S*=4 El(xi - X)%
. k(> 1) quantifies the risk of deviation from ‘T’ in the direction opposite to the available

specification limit with respect to ‘T’;

Ay = max{(u - T), B2};

A = max{’%, (T —u)};

‘U’ and ‘v’ are two non-negative parameters;
Dy=U-T,;

D.=T-1L;

de = min(Du, DL),
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3 Some Useful Properties oCL(u, V)

The very success of a process capability index lies in its acceptability among the practitioners.
Hence, a PCI should be easy to formulate and unambiguously interpretable. Exact relationship
with proportion of non-conformance and expression for the threshold value of the concerned PCI
are two of the most important properties from the view point of the applicability of a PCI in

practice.

3.1 Relationship of Proportion of Non-conformance WithC'p and C'pk

The probability of producing an item, having the corresponding quality characteristic value beyond
the pre-assigned specification limit(s), is known as the proportion of non-conformance (PNC).
Thus, PNC or equivalently, the process yietd I — PNC) is one of the major factors for mea-
suring process performance. Since, PNC and PCI are the two parallel approaches of assessing
the performance of a process, having exact relationship with PNC is considered to be an added
advantage for a PCI.

SupposePy . denotes the probability of producing non-conforming items when the process is
centered at ‘T’, i.eu = T and only USL exists. SimilarlyPy. is defined for the situation when
only LSL exists. ThenPy. = ®(-3C}) andPy. = ®(-3C;) depending upon the availability of
USL or LSL respectively [Grau (2009)].

However, the expressions f&. and Py are based on the assumption that the process is
centered at ‘T". Thus, whem # T, Py andPy do not measure the actual PNC.

Sincecgk andCbk are defined analogous to the yield based indgxit is logical to expect that
there would be some exact relationship betw@gporcb(u, v) and the PNC, whep # T. Letus
denote this PNC aBLY’ or PXY), depending upon the availability of USL and LSL respectively.

This relationship is established through the following theorem:

ACCEPTED MANUSCRIPT
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Theorem 1:

PEV) _ ® [B{CLka - (kL.f)RuCS}] foru<T
s =

(4)
1- CD[SCFL)’k], foru>T

where,R; = ’% andDy =U - T.
Proof: Before going into the actual proof of the theorem, let us consider a virtual LSL to
a process having a quality characteristic of smaller the better type, sucbthatkD,, where,

D, =T - L. Under such circumstances, Grau (2009) has shown that

A
(L+ k)2

Here, C7(u,Vv) denotes a superstructure of PCls for asymmetric specification limits [Chen and

U Y
Cy(u,v) = Cji(u, ) (5)
Pearn (2001)].

In fact, since by definitiok > 1, introduction of the virtual LSL converts the unilateral specifica-
tion limit to asymmetric specification limits. While exploring the relationship between PNC and

c’

ok the PCI (analogous tG,) for asymmetric specification limits , Chatterjee and Chakraborty

(2013a) have considered fourfldirent situations based on various possible positions of ‘T’ with
respect to U, L angi. Among these, only two are relevant for smaller the better type quality
characteristic, vizy < T andu > T (since hereg” = min(Dy, D) = Dy always).

Now, let us defin = max@“, g) = kandR. = F* = G~ Also, from equation (5),

CY = CV(1,0) = C(1,0) = C/, andC} = C,. Thus,P%’ can be formulated as

Pﬁ(g) = 1-P(X < UX~ N(u c?%)
_ 1—@[%(1—%)] ©

Case l:u < T Here, following Chatterjee and Chakraborty (2013a), we have,

PEY = 1-0[2a-Ry)
1-@{3[Cp, + (1+K)RCy]}
1-0{3(c- () Rt )

ACCEPTED MANUSCRIPT
11



Downloaded by [Purdue University Libraries] at 17:16 25 March 2016

ACCEPTED MANUSCRIPT

Casell:u>T Here, %U(l -Ry) = 3C/;;k = 3CY, [from equation (5) and Chatterjee and

pk’

Chakraborty (2013a)]. Hence, from equation (6),
PRe’ = 1-@[3Cp] ®)

Thus, combining equations (7) and (8) Theorem 1 follows.

Note that for a quality characteristic of smaller the better type, the situationnzT is more
desirable than that gif > T as the former signifies lesser value of the quality characteristic on
an average. Sinca@” is an increasing function, it is easy to see tPg’|,.r < PRY)|.+ which
should ideally be the case and this validates our formulation. Howeveu, foff, Py does not
ensure providing minimum observable PNC. In fast T implies that on an average, values of the
guality characteristics are less than ‘T’ indicating increase in the overall quality level and hence,
this type of deviation from ‘T’ can not be considered as added contribution to PNC, for smaller the
better type of quality characteristic. Moreover, although the computations involved in theorem 1
was based on the virtual LSL, the final form of the exact relationship betw'é(ghandcgk is free
from that and this is highly desirable.

Similarly, it can be shown that for quality characteristics of larger the better Bﬁiﬁ,can be

formulated as

pEUL) 1-®[3Cy] foru<T ©
1-@|3(CL - (SHR.ChY| . foru > T
with PXY|.r < PEY)|,.r as desired. Also, for > T, P, does not ensure providing minimum
observable PNC.
Thus, similar to the cases of both the symmetric and asymmetric specification limits, for uni-
lateral specification limits also, when+ T, the PNC can be expressed in term@ﬁfandcgk.

In this context, foru # T, Grau (2012) has developed an expression for the upper bound

of PNC; while our formulation provides the exact relationship. Moreover, althﬁlk;t[b, V) can

ACCEPTED MANUSCRIPT
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be expressed in terms @f(u, v) [refer Grau (2009)]; while computinBys’, one needs to con-

sider only the situations where the values of the quality characteristic exceeds USL as LSL is not
available here. Hence direct application of the formulation of PNC in terrﬂ:ﬁ;m‘ndcgk [refer
Chatterjee and Chakraborty (2013a)] is not appropriate here. In fact, the said formulation will give
the upper bound of the PNC for unilateral specification limits similar to Grau’s (2012) formulation,
whenu # T. For example, Grau (2012) has calculated the upper bound of NCPP(]S/ip’Jer 1las

1350 and this is exactly the same value of NCPPI\/G'Q{: 1 [refer Chatterjee and Chakraborty

(2013a)]. This argument is valid for quality characteristics of larger the better type as well.

Resultl: PRE” 1k, for u < T and for fixedCy andCY), values.

Proof: SinceC‘I;k is independent of ‘k’ fox > T, we have to consider the casewk T only.
Here,Ry = % < 0. Also, by definitionk > 1. Hence, :{Cb’k— (1+ %)RUCFL)’] ! k. Thus, @’
being an increasing function, from equation (7) result 1 follows. Similar result also holds good for
PED with > T.
The result can be logically explained from the definition of ‘k’ as well. Since in a competitive
market, selling price can not be changed easily, the numerator of equation (3) is assumed to be fixed
and hence ‘k’ increases in inverse proportion with the average loss of profit due to deviation from
T towards left (when USL is available). Now, one possible reason for decrease in the denominator
of equation (3) may be that, for most of the sample observations, the values of the concerned
guality characteristic deviate from target towards USL increasing the possibility of producing non-
conforming items. This gives a logical foundation to result 1.

From Result 1R,C, < 0 foru < T. Now, for a unilateral process with USL, it is always
desirable to hav®y > (T — u) and hence;-1 < RyC, < 0. In fact,RyC, should be as close to
0 as possible. Also, often for a process with T, the PNC values are found to be very small

and hence they are expressed in terms of the non-conforming parts per MR MF) which

is 1 times the PNC. In Table 1, tiéCPPMF values are tabulated forféerent values of ‘k’ and

ACCEPTED MANUSCRIPT
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Cgk (or,Cy) whenu > T (or,u < T).

TABLE 1 SHOULD BE ABOUT HERE

Also, Table 2 gives th&lC PP M values for diferent values of 'k’ an€y, (or,C) whenu < T
(or,u > T) with RyC, = —0.3. For other values dR,C,, the corresponding values bfCPP M

can be computed using the equation (4) or (9) depending upon the available specification limit.

TABLE 2 SHOULD BE ABOUT HERE

Table 2 shows that for fixed ‘kINCPPMF decreases with the increase in mg value. This
is quite logical as higher the value qk, better is the process. Moreover, for any fixed ‘k’, the
value of NCPPMF corresponding to eaddy, in Table 2 is much less than theC PP M- value for

the same value o, tabulated in Table 1. This is similar to our observation in Theorem 1.

3.2 Threshold Value ofCl'O

The concept of threshold value plays a prime role in the context of the interpretation and practical
application of a PCI. A threshold value is such a value of a PCI that a process with the PCI value
higher than this threshold value is considered to be capable; while for an incapable process, the
observed PCl value is less than the threshold value. Following the general convention, the threshold
value is generally computed for the potential PCI; since a process which is not even potentially
capable will, in all likelihood, have very poor capability level under the given specification criteria.
Unlike Cpy (or, Cp), Cg (or, CFL)) measures the potential capability of a process as, by definition,
it is independent of:. Hence, the expressions for the threshold value@t,bfandcb need to be
explored here.

Going by the usual convention, the threshold valué:bfshould be 1. However, if similar

logic, as in case o€, is used, then, the threshold value@f should be that value for which the

ACCEPTED MANUSCRIPT
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voice of the customer (measured by specification spread) coincides with the voice of the process
(reflected by the process variation).

Let us first consider a quality characteristic of smaller the better type. Also, for ease of represen-
tation, we consider, for the time being, existence of a LSL With= kDy. This is similar to our
discussion in section 3.1. Here, the specification spread will bé. = (k+1)(U —T). Also, since

we have already assumed that the quality characteristic under consideration fé(lows), the

process spread will bes6 Thus,

Voice of theCustomer (1 +k U
Voice of the Process | 2 P

Similar is the case fo@b as well. Hence, the threshold vaIueCdJ will be

2
Im_ =
Co 1+k (10)

The threshold values @]fl'o for various values of ‘k’ are tabulated in Table 3.

TABLE 3 SHOULD BE ABOUT HERE

The following observations can be made regarding these threshold values:

1. Unlike the case of symmetric specification limits and contradicting the usual convention, for
unilateral specification limits, the threshold value is not unique; rather it varies as a function

of ‘'k'.
2. CIp(T) | kwith C::(T) — 1 fork — 1 and fork — oo, Clp(T) 50

3. Fork = 1 we haveDy = D which indicates symmetry of specification limits with respect to

Tand therCL(T) = 1, the value which is mostly considered as the threshold value in practice.

4. Since by definitiork > 1, C\"” < 1. Thus considering 1 as the threshold valuec4f’
underestimates the potential capability of a process. In this context, while proposing mini-

mum desirable (threshold) values of the PClIs for various situations for both the bi-lateral and
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unilateral specification limits, Montgomery (2010) recommended lower threshold values for
processes with unilateral specification limits, compared to those with bi-lateral specification

limits, irrespective of the nature of the process.

5. Similar story is revealed from the viewpoint of proportion of non-conformance as well. The
PNC corresponding tG, = 1 is 00027%, while PNC corresponding@g = 1is000135%.
Thus, suppose for a process witlx T, the PNC igp’ such that 000135< p’ < 0.000027.
Then consideration dt:o = 1 as the threshold value will consider the process to be poten-

tially incapable, while the actual situation may not be that bad.

4 Distributional Properties of the Plug-in Estimators ofC{O(u, V)
for u=0,1andv = 0,1 Based on Single Sample Information

Although PCls are primarily defined for application in industries, their definitions involve the
parameters of the concerned quality characteristics and hence are often unobservable. The common
industrial practice is to calculate the values of the plug-in estimators of the actual PCls based on the
available sample information and to decide about the capability level of the said process based on
that value. So the statistical properties of the plug-in estimators of PCIs need to be studied. Grau
(2009) have studied the expressions for the underlying statistical distributions and the expectations
of the plug-in estimators ott'p(u, v) for u = 0,1 andv = 0,1. However, his formulations (in
particular for the PCls excludir@'p) are a bit complicated and hence not suitable for prospective
future applications. Here, our objective is to explore more tractable forms of the said distributions
and expectations.

Suppose a sample of size ‘n’ is drawn from a process>Xaqnsl the value of the concerned quality

characteristic for thé&" sample observation, forsi 1(1)n such thaX; ~ N(u, 0?). From equation
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(1), CU can be defined as

Ct)Jk (1 - a’u)ClF')J

Cpu, for,u >T

(11)
(5)CY - #Cpusforu < T

where,ay = max[U —, k(U T)] and CU = U? Accordingly, the corresponding plug-in (natural)

estimator will be,

Cru, foru>T
éBk = _ (12)
(%)é},} - %Cpu, fOI’,u <T

— n —_
with C}j = Y andCpy = 82 U-X \where X = 1 Z X andS? = L i;1()(i — X)? are the sample mean

and variance for the said quality characterlstlc respectively.

The statistical distribution (If‘r-jk and the expression for the corresponding unbiased estimator are

derived in the following theorem:

Theorem 2:
au Fta(0u), foru>T 13
pk oy —
—(k+1)(u3k;)\/ﬁ X - 3k\/_ X tho1(y), foru < T

where t,_1(6y) denotes the non-central t-distribution witin< 1) degrees of freedom with the cor-

U-T)vn T)\/_

responding non-centrality paramedgr = andy;', denotes inverse central chi-distribution

with (n — 1) degrees of freedom.

Also,
o bn1><<U x) forp>T a4
pk — B

b1 x [ &Y - UX) for < T

is the UMVUE ofCILOJk corresponding to the plug-in estima@;‘k, given in equation (12).
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Proof: Foru > T, é\;’k = Cpy for which expressions for the underlying statistical distribu-
tion and the UMVUE are already available in literature [see Chatterjee and Chakraborty (2012)].
Therefore, only foru < T, the distribution and UMVUE of:gk need to be explored. Now,
6g ~ %){ﬁ_ﬂ [Grau (2009)]. Thus, from equations (11) and (12) and using the distribu-

tions of CY andCpy, the distribution of:}fk is obtained as in (13).

Again, from (12), whem < T,

E[Ch]

k+1

(T
n-1 r(n;z)

z * Taa)

JEE) - LECo

Thus, whenu < T, CY, = b sCY = bos [("Lkl)f:}f - %C}U] is an unbiased estimator GfY,.
Hence, combining the two situations, vig.> T andu < T, (14) indeed gives the expression for
an unbiased estimator 6f;,.

Observe that under the assumption of normality of the quality characte(isti8?) are jointly
complete sfficient statistics fory, o?). Thus, using Rao - Blackwell theorem [see Casella and
Berger (2007)]6‘;k is the UMVUE ofCIL)’k and this completes the proof of Theorem 2.

Interestingly, the property otV

ok that it is independent of ‘k’ for shift oft from ‘T’ towards the

existing specification limit (here USL), is also retained in these expressions for the distribution and
the plug-in estimator o€ .
Similarly, for quality characteristics of higher the better type,

- % Xyt - 3k_1ﬁ Xth1(60), foru>T
p

Ko~
3—}/ﬁtn_1(5|_), for,u <T

where,s, = Y"TD Also,

k+1)(T-L) _ X-L
bn—l[T - %], for/l >T

b1 X [%] foru<T
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is the UMVUE ofCtk corresponding to the plug-in estima@p‘k.

Let us now re-defin€Y, asC¥, = (1 +6;;)"2 x CY, wheres;, = =1 x 1. Then,

€y, ~ 2Ly [yuo) (15)

m= T3,
- -1 _
Similarly, for Cj,, = (1 + 6*[2)‘% x Cp, we havef:})m ~TLlx [X*L(n)] , where,s; = ‘% X 1.
However, the linear combination of a central and a non-central chi-square distribution do not
follow any standard distribution an hengeV®™* andy*“™* can not be simplified further.
Again, from equation (1) and following Grau (zooe)gmkcan be defined a@b’mk = Cb’m—au X

Cgm. The corresponding plug-in estimator vi@,jmk may be obtained by replacingando by X

and S respectively, in the definition 6f . The following theorem gives the distribution 6Em;<

. AU u-T um]t 1 }
Theorem 3: Cpmk = x[)( ] 3 l+IUL2><F1,n_1(61)’Where’Fl’n_l(él) denotes the non

k
central F distribution with 1 and (n - 1) degrees of freedom ands the corresponding non-
centrality parameter.

Proof: Casel 1> T): Here,

Cy

u-T 1
pmk — -
VS2+(X-T)2 31+

3
u-T o 1 _ 1
Jere B 31 (&)

Now, (2) + (7%)2 ~ 221+ £x3(61) and £5)? ~ nFy,4(61), since,S andX are independently

(16)

distributed. Hence, from equation (16),
quNU—TX 1 ~ 1
pm 30
\/nTllXﬁ—l + Fl}Xi(é‘l) 3\/1+ nF]_,n,l(él)

Casell u < T): Here,

(17)

-T 1 1
gu _Y-T,

s Jepea B k()
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and hence,
Uu-T 1
< 2
3o \/n 1Xn 1 nk2X1(5 ) 3\/1 + NKeF15-1(61)

Combining equations (17) and (18), theorem 3 follows.

(18)

pm

1
3 \/“.L% Fin-1(61)"
k

Similarly, Ct ok ™~

3o \/ﬁ Xn_1+_ )(1(61)

5 Distributions and Expectations of the Plug-in Estimators of
C:O(u, v) for u = 0,1 and v = 0,1 Based on Control Chart
Information

Suppose from a process, ‘m’ samples are drawn each of which is of size ‘n’. So the total number
of sample observations ¥ = mn Let X;; be the measured value of the quality characteristic
corresponding to th¢" observation of thé" sample, fori = 1(1)m, j = 1(1)n, such thatX;; ~

N(u, o). Also suppose, before computing the values of Bi@ls, X — R or X — S charts are

used to check and establish stability of the process. Then, following Spiring’s (1995) approach,
while defining the plug-in estimators of the member indiceﬁ:pqu, V), the parameters of the
quality characteristics, vizy and o, should be replaced respectively X andR/d, (if X - R

chart information is used) doy X andS/c, (if X — S chart information is used) in equation

(1), where,c, andd, are two well known constants of control charts. Such estimation policy is
more economical than the classical one, in a sense that in the classical estimation, while checking
stability of a process, samples are drawn from it to construct suitable control chart. These control
charts provide a set of estimates forando. However, these estimates are never used in the
subsequent stages of the performance assessment of the process. Rather, while computing PCls,
fresh samples are drawn for estimating the same parameters. This increases the sampling cost

especially for processes requiring destructive tests or where the cost of production is exorbitant
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[Chatterjee and Chakraborty (2013b)].

5.1 Distributions and Expectations ofc:o(u, v)foru=0,1andv = 0,1Based

on Information fr om X — R Charts

From equation (1)C;J can be defined a@‘lg)J = (U — T)/30 and following Spiring (1995), the

d(U-T)

corresponding plug-in estimator, based on informatiom X — R Charts, will beCp® = %€=

Woodall and Montgomery (2000) have showtrat & R . gk where,d; = \/dg +d—n§ and

2
N S

202
242,14+ =3

md

do(U = T) v
~UR 2
Cp 3d;0 XV

[Kuo (2010)]. Thus,

y =

(19)
Also,Cy® = b,z

b, = %——(T) Similarly, C;® ~ dzg;;"/— x x;t andCL® = b, & 2

% Cp® is the unbiased estimator 6} basedbn X - R chart information, where,
’l(R) is the unbiased estimator of

CL, where Cp® = -8
3R

We now derive the expressions for the underlying statistical distributions as well as the ex-
pectations of the plug-in estimators ©f, andCj, with informationfrom X — Rchart. Note that

corresponding to the definition @Y, as given in equation (11), the expression for the plug-in

pk?

estimator ofCY,, based on the information from the respeefi/— R charts will be,

pk?
ch. foru>T
cum o | e # (20)

for u<T

k+1y~U(R
(%)Cp( ) - %pr

The expression for the statistical distributionGff} is derived in theorem 4 below.

Theorem 4:
(N)
CYR _ 3d\/_><t(6 ) foru=T (1)
pk %
[t oo p<T
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Also, Ci® = & x b, x C4® is an unbiased estimator 6f,.

Proof: Caselfi > T): Here,Co® = CT) = %ﬁ‘i) [from equation (20)]. Hence, following

Chatterjee and Chakraborty (2013b),

d,
CUYR _ cR _ t,(5 (N)) (22)
ok PU ad; \/—
andC® = 22 x b, x Co? is an unbiased estimator 6, when information gatherefdom X - R

chart is used for parameter estimation.

Case Il 4 < T): Here, from equations (19), (20) and (22),

(k+ 1)U - T)dzw] e
3kdyor Y 3dy k\/_

=U(R)
Cpk

t,(") (23)

Thus, combining equations (22) and (23), the expression for the underlying statistical distribution

of C;?, as given in equation (21) can be obtained.
Again, foru < T,
d k+1 1
~URy _ 2 u
E[Cpk ] = d* X b ( K )X Cp - ECpul
d - u
= 3% b;* x Cok

2
Thus,Co = & x b, x C5¥ is an unbiased estimator 6,
Hence, comblnlng the cases | and Il, theorem 4 follows.

Similarly,

[(k+1)(T—|-)d2W]X 1__
3d;o v 3d; k\/_

x t,(60MV), for u<T

(N) >
a® xt,(0,), foruy>T
pk

3d\/_

Also, Ch® = Z x b, x C,® is an unbiased estimator 6.

Again, the plug-ln estimator (ﬁgm, based on the informatidnom X — R chart, can be defined
asCu® = (1+ 06,1 x CU®, where5'® is defined as\} = dzo%‘T) x 1. Therefore,

CUR _ ﬂ % [X*U(R)]_ (24)

pm 30
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2
where yU®R* = %(1+ r:;%))(f 110725y ands (™ = N(“T)2. The expression for the statis-
tical distribution ofC},,, can be obtained similarly.

Again, as obtained from theorem 3, the statistical distributioﬁ;ﬁf will be,

Grfrgi) - -LIJ_(RZ - 12 (29)
30" :
o 3\/1 #N (5] x Fu™)
where,C>® is the plug-in estimator oY, | based on informatiofrom X — R charts. The distri-

bution ofC,) can now be computed accordingly.

5.2 Distributions and Expectations ofC! p(U, V) for u=0,1andv = 0,1 Based

on Information fr om X — S Charts

In the context of statistical quality control, range is the most widely used measure of dispersion
due to its computational simplicity as well as ease of interpretation. ConsequértlR charts

are often used to check and establish stability of a process. However, sometimes, range fails to
measure the dispersion of a procefi&cently. This can happen when either the sample size is
moderately large, sap, > 10 or the sample size is not constant. Under sticdumstances{ — S

charts are to be used insteaiX — R charts.

Following Spiring’s (1995) approach, the plug-in estimatocgf based on information from the
correspondingk — S chart is,Cy® = 25T Now, (£)2 ~ X an-m [S€e Chatterjee and

3S
Chakraborty (2013b)] and hence,

U-
CYS) ~ ¢ y/m(N - m) x

Also, Cp® = 2tm 5 €1 is an unbiased estimator 6.
4

T
><)(m%N—m) (26)

Moreover, since under the assumption of normality of the distribution of the quality characteristic,
(X, 5% are complete sficient statistics forg, o2), following Rao-Blackwell theorenC,® is the

UMVUE of CY. However, this was not the case wili® asR’ is not complete sfiicient statistic
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for 02 and henc&€;® can not be considered as the UMVUEG.

similarly, Cp® ~ ¢, vm(N =) x 2= x y74, ) andCp® = b"‘%m) x Cp® is the UMVUE ofC},
61-(3) = cad-L)

where, =

Again, corresponding to the definition Y

ok @s given in equation (11), the expression for the

plug-in estimator, based on the information from the respeétiv S charts, will be,

s C%, foru>T
Cpk = e < (27)
(SHC™ - iChyyfor u<T
Theorem 5:

o X b (00) foru=T

(/_\:U(S) N 3VN m(N-m\Cy /> H= (28)

pk _ Vm(N=m)

(SRt m — 30 X tmovem(607), for < T

Also, i = 2ntem » TS s the UMVUE ofCY,.

Proof: Casel ft>T): Here,C;® = Cf) = %g‘i) [from equation (27)]. Hence, following

Chatterjee and Chakraborty (2013b),

C
cv® -c® . 4
Pk U 3VN

andC® = 2 x CH is the UMVUECY, when information gatherefiom X — S chart is used

(29)

for parameter estimation.

Case Il 4 < T): Here, from equations (26), (27) and (29),

k+1 u-T
6ILOJk(s) N (T) cay/m(N —m X — X XNor) — 3k\/_ X trinm) (8 (30)

Hence, the distribution o> can be obtained by combining equations (29) and (30).

Also, foru < T,

m(N-m,

k+1 1
( K )XCE_EXCPU]
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L O

bm(N—m)
Thus,C5® = 2n » T3S s the UMVUE ofCY for yr < T.

Therefore, combining the two cases, theorem 5 follows.

Similarly,
(k+1)(T—L)ca Vm(N-m -1 C (N)
& | AV | 5yt — 5 X trn-m (@), for > T
pk

o X tunm @0V, for < T

Also, C¥) = 2tm 5 CXS) s the UMVUE ofCl,, where CL( can be defined analogous@y®

in equation (28).

Again, similar to the distributions of the plug-in estimatorsO;{n based on i) single sample in-
formation [see equation (15)] an) X — R chart information [see equation (24)], the statistical

distribution ofC,” can be obtained as

U-T e
(/:})JVETS) ~ 30 X vuE) (31)
where,C,y denotes the plug-in estimator 6f,, basedon X — S chart information ang*V©" =
1,2 2 2 (NP
m(N-m)xc3 ><)‘//m(N—m) + kW ><)(1(5]_ )

Finally, the distribution of the plug-in estimatG 'y of CY | will be

~U(S) Uu-T 1

pmk [UER
37 Vx 3\/1+(—b"‘(,’jlm))x( L

2
(N)?
W) X Fimn-m(0; " )

(32)

The distributions ofC5y andC.") can be obtained accordingly. Moreover, as in the earlier two

situations, here also, the unbiased estimato@it andC %) are dificult to obtain.

Thus, for all the three types of estimation procedures discussed in sections 4, 5.1 and 5.2, the newly
developed distributions @pm and@pmk are more tractable and consequently, easier to handle as
compared to those of Grau (2009). Hence, although, the estimated PCIs do not correspond to
any standard statistical distribution; they can, very well, be further utilized, for example, while

designing the corresponding process capability control charts. On the contrary, the complicated
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expressions of the said distributions, obtained through Grau’s (2009) approach, do restrict their

applications.

6 Process capability Control Charts ofC})(u, V)

Generally, manufacturing processes tend to have between batch as well as within batch components
of variation. Often, capability assessment of a process based on single sample information fail to
capture the actual health of the process; whereas, the usual approach of multiple sample estimation
of PCls tend to smooth out some important fluctuations in the capability level of a process through
out the entire production cycle. Moreover, even after the stability of a process has been established
through suitable control charts, the PCI values measured by samples drawn at specific interval of
time are likely to fluctuate from sample to sample due to several reasons [Spiring (1995); Chatterjee
and Chakraborty (2013b)]. In fact one major challenge for a production engineer is to decide
the time for measuring the capability of a process. Spiring (1995) has argued for using process
capability control chart to keep constant vigil on a process.

In this context, stability of a process does not ensure consistent process capability values. This
may be due to the fact that, the usual methods of checking stability of a process using suitable
control charts, do not take into account the specification limits pertaining to the concerned quality
characteristics. Hence, even if a process is found to be stable, the particular quality characteristic
value may be highly fi-target or may have unacceptable amount of variation with respect the pre-
assigned specification limits. Since often, a process is an interface between customer and producer,
which usual control chart studies grossly ignore, process capability control charts can be used to
assess consistency in the capability values of a process. In fact, it has been observed that unless
consistency in the process capability values is established through process capability control charts,
the capability of a process should not be summarized based on a single PCI value as those values

may be highly subjective and may not even reflect the true capability level of a process [refer
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Chatterjee and Chakraborty (2013b)].

Before computing capability of a process, it is mandatory to check and establish its stability
[Kotz and Johnson (2002)] which is generally done by using appropriate control charts. In case
of process capability control charts, the information gathered from these control charts are used to
estimate the process parameters (yiando). Chatterjee and Chakraborty (2013b) have designed
process capability control charts@fy andCp, based on informatiofrom X - RandX - S charts.
However, as has been discussed in secti@pd ,andCp, have a number of drawbacks. Hence, for
quality characteristics with unilateral specification limits, control chartq;éu, V), withu=0,1
andv = 0,1 need to be developed. Here, we construct the control chaﬁg (@f v) while those

for C;(u, V) can be developed similarly.

6.1 Process Capability Control Charts ofCLpJ

Case |: Based on Information from X — R charts

From equation (19),

P (b, \/_ Xl—a/z = ) <b, ‘/_ Xa//Zv =l-a

Also, the control limits developed directly from the statistical distributio@}g&[see equation (19)]
involve 1 ando? and hence are often unobservable. To address this problem, those parameters
should be replaced by their estimators obtained fronctiteesponding — RandX — S charts,

which ever is applicable. Thus, the control limits of the process capability control ch@ﬁ,of

based on the information from tlwerrespondingX — R charts, are given by

—U(*R)

UCL(F? =b,WwxC, xi%,
cLl®=C " (33)
cy P
—U(*R)

LC L(CF;’) =b, WwxCp xilp,

—U(+R)

m
Here,C, =1 Cy*® andC;"® is an unbiased estimator 64 based on individual sample
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informationof X — R chart. It is easy to see that for any individual subgraDj;® = 21CY¢R
2
with Cy ¢ = 201 is the corresponding plug-in estimator@y.
Here, following Kuo (2010)y; andc can be defined ag = % andc = dyx /% rz(fli .
2d 5
242, [1+=2 2
d2

Note that, herer; is defined by substitutingr = 1 in the definition ofv ?or individual subgroups.
In this context, while defining plug-in estimators of the respective PClIs for individual subgroups,
u ando are replacethy X andd—FZ respectively, instead cnfsingi andd%.

Case II: Based on Information from X — S charts

From equation (26),

Pon-m(U = T) VMmN -m)

~U(S
P o X X1Zap2mN-m) = Cp( )
bm(N_m)(U - T) vm(N - m) 1
< 3 X Xajzmn-m | = 1—@

Then, the control limits of thé:t,J control chart, based on information from therresponding{—S

chart, are given by

—=U(xS)
UCL&} = bov-m VN =M X C, o b o)
—=U(=S)
(S _
cLg=C, (34)

—=U(xS)
(S) _ _
LC ch = bm(N—m) vm(N - m) X Cp Xli-a/Z,m(N—m)

—U(*S)

m
HereC, =13 C,“® andC;"® is the UMVUE ofCY based on individual sample information

1
B s
of X — S chart for thé™ subgroup, foi = 1(1)m. For any individual subgroui;p“ = by, ;Cp*®

with C;*® = UL being the corresponding plug-in estimatorGf. Here, while defining plug-
in estimators of the respective PCls for individual subgrowpando are replacedy X and S

respectively.

6.2 Process Capability Control Charts ofC‘rfk

Case |: Based on Information from X — R charts
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Whenyu > T: Here,C;® = C} and hence the control limits @Y control chart based

on X — R chart information will be the same as those of the correspon@ingcontrol chart as

developed by Chatterjee and Chakraborty (2013b).

Whenu < T: Here, from equation (23),

(K+ 1)U - T)b, V¥ -

[( 3ko X X1 ai2y x \/N X tiap2y(07) < Cp” <
k+ U -Tb, VW) b, Ny |

( 3ko XX‘Y/Z’V Sk\/N X t(t/Z,v(éu ) =1-«

Thus, the control limits oC‘;k control chart, based on information from tberresponding — R

charts, will be as follows:

=U(=R) =(N,R)
R _ (k+tHU-T)b, V¥
UCLE = (faimran) X o Xafay — 5o X @y )
R =R
CLeh = Cox (35)
—UHR) —(N.R)
R k+1)(U-T)b,
LCLE = (M) xCox Aoz~ gom X trw2rOy )
Here,C, Z andC is an unbiased estimator GP based on individual sample
informationof X — Rchart such that, for any individual subgro@},® = C(Zl x CoOR, where,

—(NR) —U(=R)

C.\"? is the corresponding plug-in estimator@f,. Also,5, =3

Cp

Case II: Based on Information from X — S charts

Whenyu > T: Here,C;® = CY) and hence here also the control limits@}f, control chart

basen X — S chart information will be the same as those of the correspor@iggcontrol chart

as developed by Chatterjee and Chakraborty (2013Db).
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Whenu < T: Here, from equation (30),

- <C <
P [( Ko X X1~a/2,m(N-m) 3K \/— X t1-a/2.mN-m)(0y;) <
( 3Ko- ><)(a/Z,m(N—m) 3k\/_ X ta/ZJ’T\(N—m) (6U ) =l-a

Thus, the control limits of:gk control chart, based on information from tberresponding — S

charts, will be as follows:

—U(xS) =(N,S)
(S) _ [ (k+1)U-T)bmn-m VM(N-m) _1 By
UCley ( U0 )X Coe X Xozmn-m ~ gy X t-arzmn-m(Gy )
U (xS
SIS (36)
cy TPk
—U(xS) =(N,S)
(S) (k+1)(U—-T)bm(n-m) Vm(N=m) -1 BN Bm(N-m)
LCLCLka ( kK(U-T)~(T-p) )XC X X1 aj2mN-m) ~ 3k\/_ X tia/2mN-m) Oy )
=U(=S) "‘U S ~U(+S . e .
Here,C, = Z v andC ¥ is the UMVUE of CY), based on individual sample infor-

mationof X — S chart For any individual subgrou AT;(*S) = by 6;’(*5) where,C-("® is the
=(N,S —U(*S)
corresponding plug-in estimator 6f,. Also,5, =3VNC

6.3 Process Capability Control Charts ofcgm

Case |: Based on Information from X — R charts

From equation (24), the control limits ﬁfbjm control chart, based on information from the corre-

spondingX — R charts will be,

® —R? =UR (U@L
UCL® = V148, xCpm x[Fuz |
o IR .
CLy =Con 37)
o —®R? =UR U@L
LCLE = V145, xCom X [Trcure]
=UR) m
Here,C,, = 3 Cpt™ andCyi” is the plug-in estimator o€y, based on individual sample
_ 7 =UR _ w2 =(NR (R =9
informationof X — R chart. Also, y (1+ og) 2+ < x3(6, ), where,6, ands,
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are defined accordingly.

Case II: Based on Information from X — S charts

From equation (31), the control limits of tlﬁéﬁm control chart, basedn X — S chart information,

will be,
©) =8¢  =U() [=wu(s)!
UCLE) = 145, xCon X [Turz |
) =U(S)
Cley =Cpn (38)
©) =8 =U(S) =)L
LC chm 1+6y XCpp X [Xl—a/Z]
=U(S) m
~ ~U (xS =U(xS) - . . . ..
Here,C,, = %Elcp,% ) andCp® is the plug-in estimator of,,, based on individual sample
, , — —ue |u2 =(N.S) =(S?  =(NS)
informationof X — S charts.Also, y = NG Xmn-m TN x2(6; ),wheres, ands, are
defined accordingly.
6.4 Process Capability Control Charts Oprmk
Case |: Based on Information from X — R charts
From equation (25), the control limits of the process capability control chzﬁmjwill be
-1
[ =m2 =UR® 2 (—(N,R)2
ucl®) = X ek 13 14 Nx (%) x Fojzu, (0
pmk = —U(R? daly H L
(1-au) \Xq 2
® W
Cley = Com (39)
-1
=(R?2 =UR L \2 (—(N,R)2
LCL® = Y XCome 13 14 Nx (%) x Fajr, (0
Cpmk = —U(R?2 d2|k 7 1
(1-au) \Xas2
=UR m
Here,Comy = 2 %G Cose) andC %P is the plug-in estimator ofY, | based on individual sample

informationof X — R chart.
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Case II: Based on Information from X — S charts

Based on equation (32), the control Iimits@tfmk control chart, with information from the corre-

spondingX — S charts, can be obtained as follows:

-1

V 1+;_S\*(S)2 XEU(S) =(NS)?
pmk - —U(S)2 N( cy4l )
(I-au) \Xo/2
:U(S) 40)
C Léﬁrﬁ() mk l (
/ =82 =U(s) —(NS)\ |
1+6 Com b m ’
LC L6U(S) +U—Xp: — [3 \/1 + —mN U) Fi @/2,1,m(N-m) (51 )
pmk S N(cal )
(I-au) \x1-0/2
Here,Cpmk = 1 Z omi. Where C o1 is the plug-in estimator o), based on individual sample

informationfrom X — S charts.

7 Numerical Examples

In order to discuss practical application of the theory developed so far in the present article, we

now consider two numerical examples.

7.1 Example 1

We first consider the data set originally used by Chatterjee and Chakraborty (2013b). This data
pertains to a chemical industry. The quality characteristic, which is of the smaller the better type,

is coded as ‘X’. The USL and the target for this quality characteristic are de¢t-a$9.3 unit and

T = 0.16 unit respectively. Also, from the said data set, the summary statistics are found to be as
m=6, n=5, X =0.1577< T andR = 0.055.

Suppose, loss of profit for per 0.01 unit deviation from T towards left is $0.05 and constant selling

price per item is $5. Then, using the formulation given by Chatterjee and Chakraborty (2012), we
have k = 4.138.
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Now, before computing various PCI values based on this data set, we need to construct the corre-
sponding process capability control charts for investigating the consistency in the capability level
of the process over various subgroups of samples. Since here the sample size ‘n’ is considerably
small (h < 10), the control limits of the process capability control charts for various processes
should be based on the information from tierespondingX — R control charts.

The control limits of the process capability control chartsCgf, C, Cp,, andCp, are given

below with the corresponding control charts shown in Figurestrespectively.

ucL® = 23082 UcL® =22972
p pk
cL® = 16892 (41) CLY = 16619 (42)
p
LCLY = 12631 LCLY =1.2602
p pk
ucl® =27090 ucl® =26333
Cpm cpmk
Cngk =1.9715 (43) LY =19401 (44)
pm
LCLY =1.4790 LCLY =14788
pk pmk

FIGURES 1-4 SHOULD BE ABOUT HERE

Since all the PCI values corresponding to all the PCI control charts, given in Figurdslie
within the respective control limits, it is logical to expect that the process is consistently capable of
performing satisfactorily. Note that, the control chartscﬁgrandcgk are based on their unbiased
estimator values for individual subgroups, while, the chartsCigy andC, | are based on the
corresponding plug-in estimators only (due the unavailability of their unbiased estimators).
Based on the given dat&;® = 1.9736,C;® = 1.9242,C;" = 1.9657,C® = 1.9166,
~UR _ YR _
Cpm® = 19730 andC, ' = 1.9652.
It is easy to check that for individual subgroups, the values of the plug-in estimators for all these

four PCls follow the said interrelationship. Also, since all the estimated PCI values are within

the corresponding UCL and LCL, irrespective of the choice of the PCI, it is logical to expect that
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the process is having consistent capability over the production cycle and hence the situation is
favourable for overall assessment of the process through a single PCI value.

Usingk = 4.138 and from equation(10), the threshold valu€gfwill be C;"” = 0.389. Thus, the
process can be considered to be performing satisfactorily. silsceX < T, PO = 2254x10°°,

i.e. NCPPM = 2.254x 1078 which is quite small and hence justifies the high values of the PCls.

On the other hancRy). = 3.903x 10°i.e., NCPPM= 3.903x 10°°. Thus, similar to the case of
asymmetric specification limits, here ald®. does not always give minimum observable PNC.
This is due to that fact thdtere,i < T and thus, the average quality level is actually better than
that of the so called “potential quality level” i.g.=T.

Note that, although, in the present example, the process is found to be stable as well as consistently
capable, this may not always be the case. In the following example, we shall discuss about such a

process.

7.2 Example 2

While discussing about the process capability control char@-gfandCp,, Chen et al. (2007)

have considered a dataset from a integrated circuit (IC) manufacturing process, where one of the
major quality characteristics is wire bonding of gold wire. This is a quality characteristic of higher
the better type with lower specification limit (LSL) being 5 mm. The dataset consists of 25 sub-
groups each having 11 sample observations. Thus,5, m = 25 andn = 11. Since, here the
sample size is considerably large, data gathered froncdhespondingk — S chart are used to
construct the required process capability control charts. These charts are given in Figures 5 and 6

below:

FIGURES 5 and 6 SHOULD BE ABOUT HERE
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From Figures 5 and 6, it is evident that the process is stable and hence we can proceed to assess its
capability. Now, since in the original dataset provided by Chen et al. (200fiisat information,

required for the computation of ‘k’, is not available, let us consider ‘k’ to have the same value as
inexample 1, i.ek = 4.138.

Then, the control limits of the process capability control chartfgrC,, C, andCy,, can be

obtained respectively as follows:

ucLY) = 1.3551 UCLE = 16083
p p
CL&) - 1.3313 (45) CL(CSL)k =1.2720 (46)
p
LCLY) = 1.3084 LCLY) = 1.2564
P pk
ucL® =14111 ucL® =14144
Cpm Cpmk
CL@k = 1.3988 (47) cLY) =1.3386 (48)
pm
LCLY) =1.3533 LCLY =13111
k pmk

p!
Also, the corresponding control charts are given in Figuresl®.

FIGURES 7 -10SHOULD BE ABOUT HERE

Figures 5-10 reveal an interesting fact. Unlike the process capability control charts for example

1, here, despite being stable (see Figures 5 and 6), the process fails to prove itself as consistently
capable (see Figures710) as around 15 out of the 25 subgroup PCIs lie below the LCL for

all the four PCls viz..C;, C}

te CpmandCo . Note that, since PCls are generally of higher

the better type, only subgroups having PCI values less than the respective LCLs of the process
capability control charts are of the concern. In fact, for a process capability control chart, LCL
signifies that under the prevailing process centering as well as process dispersion scenario, the
concerned quality characteristic should be able to achieve atleast LCL amount of capability value;
while subgroups with PCI values higher than UCL are of satisfactory quality. However, for all
the four PCls, the index values corresponding to subgroups 24 and 25 need more exploration as

those are grossly deviated from the UCL. This may indicate certain change in centering and
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dispersion level of the concerned quality characteristic. An inner-view into the process indeed
reveals that the level of variation is considerably smaller for these two subgroups as compared to
the remaining subgroups. Chen et al.’s (2007) control char€j&U andCp,_ failed to capture

this aspect of the process. Thus, since the process capability values of the process are highly
unstable, the usual single valued capability assessment of the process is not solicited at this stage
of production [refer Chatterjee and Chakraborty (2013b)]. For example, the values of the plug-in
estimators o€}, CL,, Ch,,andCh, , based on the information from ticerresponding(— S chart

pk pmk’
areCy¥ = 1.328441 C|¥ = 1.3278 C;j = 1.328396 andC,\, = 1.3256. Also, the UMVUES

of C5 andC}, areC;¥ = 1.3619 andC.{Y = 1.3613. It is easy to observe that these sample PClI
values tend to average out the actual fluctuations in the subgroup level PCI values. For example,
UMVUEs of C[L)k values at subgroup level, range from 0.8339 (corresponding to subgroup 3) to
2.2633 (corresponding to subgroup 24); which is almost averaged out th@@]m 1.3613.

Such situation is valid for the other three PCls as well.

Another interesting point to note from both of these examples is that, unlike example 1, where, the
control limits are wide apart - to accommodate all the subgroup PClIs; for example 2, the control
limits are very closely aligned. This is due to the fact that the control limits formulated in the
present article are functions of the number of subgroups (m) and the sample size (n) and they come
closer if atleast one of ‘m’ and ‘n’ gets increased. This property can also be observed in the cases

of the socalledX, S and R charts and also the process capability control char@foandCp,

designed by Chatterjee and Chakraborty (2013b).

8 Conclusions

C, (u,v) andCp(u,V) [jointly expressed a€(u,v), vide equation (2)], are two very important
classes of PCls, developed by Grau (2009), for quality characteristics having unilateral specifica-

tion limits. Along with the expression ok® [vide equation (3)], as suggested by Chatterjee and
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Chakraborty (2012p'p(u, v) addresses almost all the drawbacks of the existing PClIs for unilateral
specification limits, from both the distributional and interpretational viewpoint.

In the present article, we have discussed about some important statistical prop@ﬁé&,u}
andCt(u, V). We have developed relationship betwé%n CLk and proportion of non-conformance,
for the situation whergy # T and have observed that unlike the symmetric bilateral specification
limits, here the production of items on target do not always ensure production of minimum attain-
able PNC. We have also formulated the expressions for the threshold Q%lu@sntradicting the
usual convention of considering ‘1’ as the threshold value of any PCI irrespective of the nature
of the specification limits; our expression for the threshold value show that for unilateral speci-
fication limits, the threshold value is not unique and is always smaller tharC'g(U, V) being a
comparatively new super-structure of PCls as compared to the other existing PCls for unilateral
specification limits, these crucial statistical properties of it were hardly explored before in litera-
ture.

Next, we have studied the distributional properties of the member indi&é’§mW). Although
Grau (2009) had already studied these properties earlier, his expressions intidtvet adinathe-
matical formulation and hence are unsuitable for further application. On the contrary, we have
formulated more tractable distributions of these PCIs based on single sample information as well

as information gathereftom X — RandX — S charts. Moreover, fo@'p andC! , the corresponding

pk’
UMVUES (or unbiased estimatoraihen X — R chart information is used) have been developed.
We have also designed the process capability control chaﬁg(ofv) foru=0,1andv=0,1.

Finally, we have discussed two numerical examples to validate our theoretical findings dis-
cussed in this article. It has been observed that, although stability is a necessary condition to be
satisfied before computing PCI values; it is not théfisient. Particularly, the process described
in example 2 is stable but does not have consistent capability. In fact, due to such unwarranted

fluctuations in PCI values over the subgroups, summarization of the overall process capability

through the use of a single PCI value is not solicited. There is no denying of the fact that proper
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interpretation as well as apt application of a PCl is a key to successful implementation of the pro-
cess capability studies in a process. The present article, grossly, puts emphasis on this very fact
by studying various crucial distributional and interpretational aspects of some PCls for unilateral

specification limits and by discussing some prospective areas of applications.
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