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1. Introduction, definitions and notations

We denote by C the set of all finite complex numbers. Let f be an entire function
defined on C. The function My (r) = |Izn‘ixr |f (2)| known as maximum modulus
function corresponding to f.
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When f is meromorphic, M/ (r) can not be defined as f is not analytic.
In this situation one may define another function T (r) known as Nevanlinna’s
Characteristic function of f, playing the same role as M/ (r) in the following
manner:

Ty (r) = Ny (r) +my (r)

where the function Ny (r) and my (r) are respectively the enumerative function
and the proximity function corresponding to f. If f is an entire function, then
the Nevanlinna’s Characteristic function 7% (1) of f reduces to my (r). Also for a
non-constant entire f, Ty (r) is strictly increasing and continuous function of r and
its inverse Tf’1 : (T (0) ,00) — (0, 00) exists and is such that Sli_)IIolng_l (s) = oc.

Furthermore, we called the function Ny (r,a) (N (r,a)) as counting function
of a-points (distinct a-points) of f. We put

f ne(t,a) —nys(0,a
Ny (r,a) :/ s(t.0) ; i >dt—|—ﬁf(0,a)logr ,

0

where we denote by ny (r,a) (g (r,a)) the number of a-points (distinct a-points)
of fin |2] < r and an oo -point is a pole of f. In many occasions Ny (7, 00)
and Ny (r,00) are denoted by Ny (r) and Ny (r) respectively. Also we denote by
nf=1(r, a) ;the number of simple zeros of f —a in |z| < 7. Accordingly, Nyj—1(r, a)
is defined in terms of ny—1(r, a) in the usual way and we set
. N(ra; f]=1)
01(a; f) =1 —limsu cf. 9|},
i )= 1= tmsup SOE LD et o)
the deficiency of ‘a’ corresponding to the simple a-points of f, i.e., simple zeros of

f —a. In this connection, Yang [8] proved that there exists at most a denumerable
number of complex numbers a € CU {oco} for which

61(a; f) > 0 and Z d1(a; f) <

a€CU{oo}

Further, a meromorphic function b = b (2 ) is called small with respect to f if
T, (r) = Sy (r) where Sy (r) = o{T} (r)} i.e., 725 — 0 as r — oco. Moreover for

any transcendental meromorphic function f, we call P [f] = bfro(fM)m. (fR))m

to be a differential monomial generated by it where Z n;>1(aln; |1=0,1,...,k

1=0
are non-negative integers) and the meromorphlc function b is small with respect
k
to f. In this connection, the numbers ypp; = Z n; and Ipyp = > (i + 1)n; are
=0

called the degree and weight of P[f] respectlvely {ct. [1]}.
In this connection, the following definitions are well known:

Definition 1 The order p; and lower order Ay of a meromorphic function f are

defined as o T low T
py = lim supog—f(r) and Ay = lim 1nf0g—f(r) :
r—00 ogr r—oo  logr
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Somasundaram and Thamizharasi [6] introduced the notions of L-order and
L-lower order for entire functions where L = L (r) is a positive continuous function
increasing slowly i.e.,L (ar) ~ L(r) as r — oo for every positive constant “a”.
Their definitions are as follows:

Definition 2 [6] The L-order pJLc and the L-lower order )\f of a meromorphic
function f are defined as follows:

_ log Ty (1)
L — 1 f
P og [rL (r)]

log T
and )\JLc = liminf og—f(r)
r=oc log [rL (r)]
The more generalised concept of L-order and L-lower order of meromorphic
functions are L*-order and L*-lower order respectively which are as follows:

Definition 3 The L*-order p/%* and the L*-lower order )\JLC* of a meromorphic
function f are defined by

* 1 T *
pJI? = lim supOg—f(r) and )\JLc

i ing 208 T ()
r—oo l0g [rel()]

r—oo log [rel(n]

Lahiri and Banerjee [5] introduced the definition of relative order of a mero-
morphic function with respect to an entire function which is as follows:

Definition 4 [5] Let f be meromorphic and g be entire. The relative order of f
with respect to g denoted by p, (f) is defined as

pg (f) = inf{u>0:Ts(r) <T,(r") for all sufficiently large r}

. log T, Ty (r)
= limsup———— .
r—00 log r

The definition coincides with the classical one [5] if ¢ (z) = exp 2.
Similarly, one can define the relative lower order of a meromorphic function
f with respect to an entire g denoted by A, (f) in the following manner:

log T (r
Ay () = liming 28 Ts L (1)
=00 log r

Datta and Biswas [2] gave the definition of relative type and relative weak type of
a meromorphic function with respect to an entire function g which are as follows:

Definition 5 [2] The relative type o, (f) of a meromorphic function f with res-
pect to an entire function g are defined as

T (r)
o, (f) = hmsupW, where 0 < p, (f) < o0 .

r—00

Similarly, one can define the lower relative type 7, (f) in the following way

-1
o, (f) =lm inng Iy (r)

m inf—=—-r, where 0 < p, (f) < o0 .
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Definition 6 [2| The relative weak type 7, (f) of a meromorphic function f with
respect to an entire function g with finite positive relative lower order A, (f) is

defined by T, ()
T (1

7o (f) = lim inf = 555

Analogously, one can define the growth indicator 7, (f) of a meromorphic
function f with respect to an entire function g with finite positive relative lower
order A\, (f) as
T (r)

_ L g 1f
7o (f) = hmsup—r)\g(f)

r—00
In order to prove our results we require the following definitions:
Definition 7 The relative L-order pl (f) and the relative L-lower order A} (f)

of a meromorphic function f with respect to an entire function g are defined as
follows:

log 71T (r) log 71T} (r)
Ly — i g LY — lim inf—2 9
by (D) =lmswp om0 ) =Bt o)

L
Definition 8 The relative L-type o/ (f) and the relative L-lower type o, (f) of a
meromorphic function f with respect to an entire function g are defined as follows:

T-'T _L T-'T
agL (f) = limsupg—f(LT) and o, (f) = liminfg—f(f),
rooo [rL (r)]pg(f) o0 [r [ (1)) ()

where 0 < pl (f) < co.

Definition 9 The relative L-weak type TgL (f) of a meromorphic function f with
respect to an entire function ¢g with finite positive relative L-lower order )\5 (f) is
defined by

T-'T
TgL (f) = liminf —2——— f/\(LT) )
r—00 [TL (’I")} g(f)

Similarly, one can define the growth indicator ?g (f) of a meromorphic func-

tion f with respect to an entire function g with finite positive relative L-lower
L
order \; (f) as o
- r
?g (f) = limsup% :
L)

The more generalised concept of relative L-order (relative L-lower order),
relative L-type (relative L-lower type) and relative L-weak type of meromorphic
function with respect to an entire function are relative L*-order (relative L*-lower
order), relative L*-type ( relative relative L*-lower type) and relative L*-weak
type respectively which are as follows:

Definition 10 The L*-order pf and the L*-lower order A\}" of a meromorphic
function f are defined by
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. log 71T (r) . log T, ' Ty (r)
py (f) = hgigp—log frefo] and A\, (f) = h;ggjlf log [reL]

Definition 11 The relative L*-type 05* (f) and the relative L*-lower type 55* (f)
of a meromorphic function f with respect to an entire function g are defined as
follows:

T, Ty (r) Ty le( )
ol — lim sup—2— and @ = lim inf ,
9 (f) r%oop[reL(T)] pE™ (f) (f) r—00 [reL( )] ()

where 0 < pl” (f) < co.

Definition 12 The relative L*-weak type TgL* (f) of a meromorphic function f
with respect to an entire function ¢ with finite positive relative L*-lower order
AL (f) is defined by

: T,'Ty (r)
TgL (f) = llﬂgfm .

Similarly, one can define the growth indicator ?gL* (f) of a meromorphic func-
tion f with respect to an entire function g with finite positive relative L*-lower
order X" (f) as

?g* (f) = limsup

g 1Tf< )
rooo [rL (1))

-

In this paper, we wish to establish the relationship between the relative L-
order (relative L*-order), relative L-type (relative L*-type) and relative L-weak
type (relative L*-weak type) of a transcendental meromorphic function f with
respect to a transcendental entire function g and that of monomial generated by
the transcendental meromorphic f and transcendental entire g. We use the stan-
dard notations and definitions in the theory of entire and meromorphic functions
which are available in [4] and [7].

2. Lemmas
In this section, we present two lemmas which will be needed in the sequel.

Lemma 1 [3] Let f be a transcendental meromorphic function of finite order or
of non-zero lower order and >  61(a; f) =4 and g be a transcendental entire
acCU{o0}
function with regular growth and non zero finite order. Alsolet > d1(a;g) = 4.
a€CU{oco}
Then
lim

=1.
r—oo log T 1Ty (r)
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Lemma 2 [3] Let [ be a transcendental meromorphic function of finite order or
of non-zero lower order and >  61(a; f) =4 and g be a transcendental entire

a€CU{oo}
function with regular growth and non zero finite type. Alsolet >  §i(a;g) = 4.
acCU{o0}
Then . 1
o Tetg Ten () <FPm — (Upiy) = vp17)O(00; f )> z
roee Ty (r) T'pig) — (Cpig) — 7Pl )O(00; 9)
whereO(oo; f) = 1 — limsup ?f((:)) and ©(00; g) =1 — limsup Ng((:)) :
r—00 f r—oo Y

3. Theorems

In this section, we present the main results of the paper.

Theorem 1 Let f be a transcendental meromorphic function of finite order or

of non-zero lower order and .  01(a; f) =4 and g be a transcendental entire
a€eCU{oo}
function with regular growth and non zero finite order. Alsolet > d1(a;g) = 4.
acCU{o0}

Then the relative L-order and relative L-lower order order of P|f] with respect to
Plg] are same as those of f with respect to g.

Proof. By Lemma 1 we obtain that,

log Tt Tp[f] (7’)

L Plg]
phig (PLf)) = limsup— 28

C ey ) 108 Ty 'Ty (r) log TpgTeis (1)
P log [rL (1)] log T, T} (r)

r—00
e 8T T ) los Tog Tri (1)
- OLRP log [rL (r)] oo logT, 1Ty (r)
= pg(f)-1
= 0y (f) -
In a similar manner, A, (P[f]) = Ay (f) . This proves the theorem. .

Theorem 2 Let f be a transcendental meromorphic function of finite order or

of non-zero lower order and .  61(a; f) =4 and g be a transcendental entire
ac€CU{oo}
function with regular growth and non zero finite order. Alsolet > d1(a;g) = 4.
a€eCU{oo}
Then the relative L*-order and relative L*-lower order order of P[f] with respect

to Plg| are same as those of f with respect to g.

We omit the proof of Theorem 2 because it can be carried out in the line of
Theorem 1.
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Theorem 3 Let f be a transcendental meromorphic function of finite order or
of non-zero lower order and >  61(a; f) =4 and g be a transcendental entire
a€CU{oo}
function of regular growth having non zero finite type and >  61(a;g) = 4.
a€CU{o0}

Then the relative L-type and relative L-lower type of P[f] with respect to Plg] are

(FP[f]_(FP[f]_'YP[f])e(OO§f)
L'pig—(Tpig—7P[g))©(0039)

finite.

1
>pg times that of f with respect to g if pg (f) is positive

Proof. From Lemma 2 and Theorem 1 we get that

Tot Tpip (1)
I I Plg]* PI/]
9Plg] (P[f]) - hfﬂiigp [TL (,r,):lpP[g](P[fD

i TE[;]TP[f} (r) T Ty (1)
N AT () L)
rooo Aoy (1) rmeo [P L (1))

1
_ (FP[f] — (Cpyy = vp11) (003 )) oL ()
Upg — (L'pg) — vpg)O(005 9) g
Similarly,
5L (PLf]) = (FPm — (Upyy) —’Ypm)@(oo;f)yg T (f) |
g Lppg) — (Tpg — vP1)©(00; 9) 9
Thus the theorem is established. n

Theorem 4 Let f be a transcendental meromorphic function of finite order or

of non-zero lower order and >  01(a; f) =4 and g be a transcendental entire
a€CU{oco}
function of regular growth having non zero finite type and >  61(a;g) = 4.
a€CU{oo}
Then the relative L*-type and relative L*-lower type of P[f] with respect to P|g]

1

P i (Cpig o100 ) \ 75 . e
are <FZ[[?]—(FI;[[Q—ZQQ)G(;?@) ) " times that of f with respect to g if p£ (f) is positive

finite.

We omit the proof of Theorem 4 because it can be carried out in the line of
Theorem 3.

Now, we state the following two theorems without proof because it can be
carried out in the line of Theorem 3 and Theorem 4 respectively.

Theorem 5 Let f be a transcendental meromorphic function of finite order or
of non-zero lower order and >  61(a; f) =4 and g be a transcendental entire
acCU{o0}
function of regular growth having non zero finite type and >  d1(a;g) = 4.
acCU{oo}

1
= Upi) =@ pis—vp)O(00:f) \ Pg
Then T]%[g] (P[f]) and T]Lj[g] (P[f]) are (FI;,[[J;]]7(ri[[2771;[[;])9(00;g))pg times that of
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. . (r oo f
[ with respect to g i.e., 75, (P[f]) = ( 1;9] (FI;fl 111:[;; ((OOg))> - 7E(f) and
1

Lpip =i —vps)O(00;f) \ Pg . . .
TJLD[ | (PLf]) = (pl;[[’;]]7(Fi[[’;71ig]])@(oo;g) > T (f) when XL (f) is positive finite.

Theorem 6 Let f be a transcendental meromorphic function of finite order or
of non-zero lower order and .  61(a; f) =4 and g be a transcendental entire
ac€CU{oco}
function of regular growth having non zero finite type and >  61(a;g) = 4.
aE(CU{oo}

Then g, (Pf]) and 75, (P[f]) are (FP A= Wrly —7p(p) oo f)>pg times that of

(FP ’YP[g]) (00 9)

. ) * Lppy—(T )O(00:f) *
[ with respect to g i.e., rg[g] (P[f]) = (FI::[[Z]]*(FI;[[J;]] j;[:])@(oo g)> ‘TgL (f) and

1
I Tpps—(Tpy )©(00; f) I . ‘ . .
TILD[ ] (P[f]) = <r};[f]] (Fi[g VP(f] e g)> 75 (f) when )\5 (f) is positive finite.
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